Published by Institute of Physics Publishing for SISSA/ISAS Received: May 17, 2004 Accepted: July 7, 2004

Chiral effective potential in N = 1/2 non-commutative Wess-Zumino model

Alexander Tikhonovich Banin,^a Ioseph L. Buchbinder^b and Nikolai G. Pletnev^a aInstitute of Mathematics Novosibirsk, 630090, Russia bTomsk State Pedagogical University, Department of Theoretical Physics, Tomsk, 634041, Russia E-mail: ???, joseph@tspu.edu.ru, pletnev@math.nsc.ru

Abstract: We study a structure of holomorphic quantum contributions to the effective action for N = 1/2 noncommutative Wess-Zumino model. Using the symbol operator techniques we present the one-loop chiral effective potential in a form of integral over proper time of the appropriate heat kernel. We prove that this kernel can be exactly found. As a result we obtain the exact integral representation of the one-loop effective potential. Also we study the expansion of the effective potential in a series in powers of the chiral superfield Φ and derivative D^2Φ and construct a procedure for systematic calculation of the coefficients in the series. We show that all terms in the series without derivatives can be summed up in an explicit form.

Keywords: Superspaces, Non-Commutative Geometry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004011 /jhep072004011 .pdf

Contents

1. Introduction 1

2. The model 5

3. General scheme of calculating the one-loop effective potential 7 3.1 Symbol-operator techniques and heat kernel representation 8 3.2 Exact calculation of the heat kernel 12 3.3 Expansion of the heat kernel 14

4. Evaluations of the chiral effective potential 17 4.1 Divergent part of effective potential 20 4.2 Structure of finite contributions to chiral effective potential 21 4.2.1 R_2 contribution to the effective potential 21 4.2.2 R_3 contribution to the effective potential 23 4.3 Constant field contribution to the chiral effective potential 24

5. Summary 25

1. Introduction

The deformation of superspace and construction the Moyal superstar product based on nontrivial (super)Poisson manifolds [1], as a first step in constructing supersymmetric string field theory, has been attracted much attention. It has been shown [2] that in the language of the string field theory the Moyal product is the simplest description of bosonic string interactions, corresponding to strings joining or splitting. In the recent literature there are other fundamental studies of a star product in a certain class of quantum field theories on noncommutative (NC) Minkowski space-times, which origin is the Seiberg-Witten limit of open strings in the presence of an external constant NS-NS B-field [3]. To be more precise, by wrapping the branes with non-zero constant background field B_{mn} we get the corresponding low energy effective gauge theory which is deformed to a noncommutative (super)symmetric gauge theory in such a way that (bosonic) directions become noncommutative. This result generated a modern activity in studying quantum field theories in NC space (see [4, 5, 6] for reviews). Also we point out that noncommutative field theories provide a simplified ground for investigating the nonlocal string theory effects.

Interplay between noncommutative field theories (NCFT) and string theories has been a rich and fruitful source for better understanding of both. Part of the interest has been aimed at getting the new insights into the regularization and renormalization of quantum

– 1 – field theories in this novel framework that are neither local nor Lorenz invariant. Another significant interest is conditioned by the relation between classical and quantum nonlocality in these theories. In fact, many features of ordinary (commutative) field theories have found rich analogues in the NC context. The first revealed unexpected property of NCFT [7] is that even in massive theories there is (UV/IR) mixing of ultraviolet and infrared divergences. As a consequence, the Wilsonian approach to field theory seems to break down: integrating out hight-energy degrees of freedom produces unexpected lowenergy divergences.

For the reasons mentioned above the elementary quanta in NCFT are no longer point particles; instead of it, the physical excitations are described by the NC-dipoles — weakly interacting, one dimensional extended objects [8]. In a generic NCFT always exists a special class of composite operators: open Wilson lines W_k(Φ) and their descendants (ΦW )_k(Φ). Infrared dynamics of NC dipoles and hence the open lines is dual to ultraviolet dynamics of the elementary fields Φ’s.

Furthermore in NC gauge theories (NCGT), which appear naturally in various decoupling limits of the worldvolume theories of D-branes in background NS-NS B-field, the gauge invariance becomes subtle. The translations along NC directions are a subset of gauge transformations and thus there are no gauge invariant local operators in the position space. It turns out that NC gauge theories allow a new type of gauge invariant objects which are localized in the momentum space (see for reviews [4, 8, 9]).

The open Wilson line is defined in terms of a path-ordered ⋆-product, and its expansion in powers of the gauge potential involves a generalized ⋆_n-product at each n-th order. Generalization of the ⋆-product appears in the one-loop effective action of NCGT [10, 11], in couplings between the massless closed and open string modes [12], and in Seiberg-Witten map between the ordinary and NC Yang-Mills fields [13]. So it has been found a complete agreement of the results with the Seiberg-Witten limit of the string world-sheet computation and standard Feynman diagrammatic at low-energy and the large noncommutative limit [10, 11].

More recently, the extension of noncommutativity to odd variables has been related to the presence of other background fields. In particular, in [14] it has been studied the C-deformation of N = 1 supersymmetric gauge theories in four dimensions and computed the coupling to the graviphoton superfield F^{αβ} arising from the higher-genus amplitudes in the (topological) superstring theory. They introduced the noncommutativity only in the Grassmann odd coordinates, which breaks spacetime supersymmetry explicitly. New type of a deformation has been proposed by Seiberg [15] who introduced noncommutativity both in Grassmann even and odd coordinates but imposed the commutativity in the chiral coordinates. This deformation is made by such a way that the anticommuting coordinates θ form a Clifford algebra {θ̂^α, θ̂^β} = 2α^{′2}F^{αβ} = C^{αβ} . (1.1)

The other commutation relations are determined by the consistency of the algebra. In particular, the ordinary spacetime coordinates x^m can not commute

[x̂^m, θ̂^α] = iC^{αβ} σ^m_{βα̇}θ̄^{α̇} , [x̂^m, x̂^n] = θ̄θ̄C^{mn} , {θ̄^{α̇}, θ̄^{β̇}} = 0 , (1.2)

– 2 – where C^{mn} = C^{αβ}ε_{βγ} σ^{mn γ}_α . In contrast to the spacetime coordinates, the chiral coordinates y^m = x^m + iθ^ασ^m_{αα̇}θ̄^{α̇} can be taken commuting. Note that because the anticommutation relation of θ̄ remains undeformed, θ̄ is not the complex conjugate of θ, that is possible only in the euclidean space. The product of functions of θ on the chiral superspace is Weyl ordered by using the star-product, which is the fermionic version of the Moyal product:

f(θ) ⋆ g(θ) = f(θ) exp ( − 1 2 C^{αβ} ←− ∂ ∂θ^α −→ ∂ ∂θ^β ) g(θ) . (1.3)

The supercharges are defined as follows

Q_α = i ∂ ∂θ^α , Q̄_{α̇} = i ( ∂ ∂θ̄^{α̇} − iθ^α ∂ ∂y^{αα̇} ) . (1.4)

We use the conventions of [16] and therefore we expect Q_α have to be symmetry generators on the N = 1/2 supersymmetry. The star-product (1.3) is invariant under the action of supercharges Q_α. However, because Q̄_{α̇} depends explicitly on θ, it is clear that the starproduct is not invariant under Q̄. Such a deformation saves the N = 1/2 supersymmetry and has interesting properties in the field theory viewpoint. Replacing all ordinary products with the above ⋆-product, one can proceed studying a supersymmetric field theory in this non(anti)commuting superspace taking into account that this deformed supersymmetry algebra admits well-defined representations. Namely, one can define chiral and vector superfields much similarly to the ordinary N = 1 supersymmetry [15].

It is very interesting to study how the deformation (1.1) modifies the quantum dynamics of supersymmetric field theories, paying particular attention to consequences of nonlocality in the superspace caused by eq. (1.3). It was pointed that the deformation (1.3) induces local operators multiplied by the non(anti)commutativity parameter C^{αβ} [15]. However, even though C breaks Lorentz invariance, the theory with an arbitrary superpotential W (Φ)_⋆ is Lorentz invariant because the deformation depends only on det(C). These induced operators have higher scaling dimension (dim = 6), and they might cause the theories to be nonrenormalizable.

Some recent papers deal with various aspects of field theories defined on such NC superspace [15], [17]–[20]. More recently, also the instanton configurations of the N = 1/2 gauge theory have been analyzed [21]. Theories with nilpotent deformation of N = 2 supersymmetry have been constructed in [22].

It is very interesting to study how the deformation (1.1) modifies the quantum dynamics of supersymmetric field theories, paying particular attention to consequences of nonlocality in the superspace caused by eq. (1.3). It was pointed that the deformation (1.3) induces local operators multiplied by the non(anti)commutativity parameter C^{αβ} [15]. However, even though C breaks Lorentz invariance, the theory with an arbitrary superpotential W (Φ)_⋆ is Lorentz invariant because the deformation depends only on det(C). These induced operators have higher scaling dimension (dim = 6), and they might cause the theories to be nonrenormalizable.

Though new kinds of (anti)chiral superfields in N =^1_2 supersymmetric theory violate the holomorphy, the anti-holomorphy still remains. For deformed WZ-model, this leads

– 3 – to the non-renormalization theorem of the anti-chiral superpotential and vanishing of the vacuum energy. Moreover, one can show that such deformed theories have finite number of divergent structures in their effective actions and hence, they are in fact renormalizable. Besides, unlike the N = 1 supersymmetric models, in N = 1/2 models containing the chiral and antichiral superfields exist the loop corrections to the chiral effective action even in a massive case (see for comparison a situation in standard N = 1 SUSY models [23] and in WZ model with noncommutative spacetime [24]. Theories with nilpotent deformation of N = 2 supersymmetry have been constructed in [22].

One more important observation was that the deformed WZ-model after adding the new F and F^2 terms (which are not written in the star deformation) to the original lagrangian becomes renormalizable up to two loops [17]. The renormalizability was then extended to all orders in the perturbation theory for the deformed Wess-Zumino model in [18, 19], and for deformed gauge theories with(out) matter in [20]. In particular, these works show that, thought these terms carry scaling dimensions large than four, the deformation-induced operators do not lead to power divergences in loop diagrams because of absence the hermitean conjugate operators to them and they are radiatively corrected at least logarithmically. Also it was shown that all divergent terms have one power insertion of det(C) and counterterms F, F^2, F^3 suffice to renormalized the theory. Using nonstandard scaling dimension assignment, in ref. [25] has been explain intuitively renormalizability of the NCFT. With insertions of all possible undeformed and deformed terms having the dimensions less then or equal to four in the lagrangian, the theory under consideration is multiplicatively renormalizable.

Other remarkable quantum properties of supersymmetric theories such as stability of the vacuum energy and the existence of an antichiral ring, remain unchanged despite of the fact that NC induced a soft-breaking of supersymmetry. The vacuum energy remains zero to all orders in perturbation theory. Structure of the effective action in the N = 1/2 WZ model has been studied in [26] where an analysis for summing the one-loop contributions to the effective potential has been presented for the case of small odd and even external momenta. Unfortunately, it is unclear how to interpret the physical sense of such approximations.

In this work we develop a general approach to constructing the one-loop effective potential in N = 1/2 WZ model. The approach is based on use of the symbol operator techniques and heat kernel method and allows to carry out a straightforward calculation of one-loop finite quantum corrections. As a result we find an exact form of one-loop effective potential for the considered model in terms of a proper-time integral. Also we construct a new scheme for approximate evaluation of the effective potential and give a complete solution of the problem settled up in [26].

The paper is organized as follows. Section 2 is devoted to a formulation of the model. In section 3 we describe a general procedure of calculations. Subsection 3.1 is devoted to a brief discussion of the symbol operator techniques and its application to finding the one-loop effective action for the theories in N = 1 superspace. In subsection 3.2 we calculate the exact heat kernel and find the one-loop effective potential for the theory under consideration. The effective potential provides the complete solution of the problem

– 4 – formulated in [26]. Subsection 3.2 is devoted to constructing a scheme for approximate calculation of the effective potential in a form of an expansion in the field Φ and derivatives D^2Φ. In section 4 we present a procedure for an explicit calculation of the terms in the above expansion. Section 4.1 is devoted to finding the divergences in the framework of our general scheme. Explicit calculations of two first finite terms in the expansion of the effective potential are presented in the subsection 4.2.1 and subsection 4.2.2. It is interesting to point out that these terms as well as the others can be expressed in terms of hypergeometric functions. In subsection 4.3 we construct an approximation form of the effective potential by summing up all terms including all powers of superfield Φ but do not containing the derivatives D^2Φ. Summary is devoted to discussion of the results obtained.

2. The model

On the N = 1/2 noncommutative superspace the WZ model is given by the standard classical action where the point products of superfields are replaced with the star product (1.3): S = ∫ d^8z Φ̄ ⋆ Φ + ∫ d^6z ( m 2 Φ ⋆ Φ + g 3! Φ ⋆ Φ ⋆ Φ ) + ∫ d^6 z̄ (m̄ 2 Φ̄ ⋆ Φ̄ + ḡ 3! Φ̄ ⋆ Φ̄ ⋆ Φ̄ ) . (2.1) Chiral superfields are defined by the relation D̄_{α̇}Φ(y, θ, θ̄) = 0, which means Φ(y, θ) = A(y) + θκ(y) + θ^2F (y). Anti-chiral superfields are defined by the relation D_αΦ̄(y, θ, θ̄) = 0, which means Φ̄(ȳ, θ̄) = Ā(ȳ) + θ̄κ̄(ȳ) + θ̄^2F̄ (ȳ). As it has been demonstrated in ref. [15], the ⋆-product of the chiral superfields is again a chiral superfield; likewise, the ⋆-product of the antichiral superfields is again an antichiral superfield.

The model is formulated in euclidean space where the fields Φ, Φ̄ are considered as independent. Using the property ∫ Φ ⋆ Φ = ∫ Φ · Φ, performing the expansion of the star-product (1.3) and turning down total superspace derivatives, the cubic interaction terms reduce to the usual WZ interactions complemented by the terms violating N = 1 supersymmetry to N = 1/2 supersymmetry. S = ∫ d^8z Φ̄Φ + ∫ d^6z (m 2 ΦΦ + g 3! ΦΦΦ ) + ∫ d^6z̄ (m̄ 2 Φ̄Φ̄ + ḡ 3! Φ̄Φ̄Φ̄ ) + + ∫ d^6z ( h 3! Φ(Q^2Φ)^2 + 1 2λ Φ(Q^2Φ) ) , (2.2)

where h = −^g_4 | det C|. Last term containing the coupling λ is added to provide a multiplicative renormalization of the model (see e.g [18]). As a result we see that the action (2.1) is rewritten in terms of standard N = 1 superspace, i.e. without star-product. Hence, one can consider the deformed WZ model as ordinary WZ model, where superfield multiplication is standard, with a new addition to the F -term.

Thus we treat the theory as some special model formulated in terms of N = 1 superspace and this circumstance allows us to use all the standard tools and techniques of superspace quantum field theory.

– 5 –

It is important to note that superpotential W is connected with the Kähler potential. This is because θ̄^2 = δ(θ̄) is a chiral superfield and the Kähler term ∫ d^4θθ̄^2K(Φ, Φ̄) can be converted to the chiral superpotential ∫ d^2θK(Φ, Ā). Thus one can expect that the non-renormalization theorem for the superpotential is no longer true and actually we will see that there exist the quantum corrections to the superpotential of the deformed WZ model.^1

The new (non)renormalization theorems have been proven [18]–[28]: the F -term is radiatively corrected and becomes indistinguishable from the D-term, while the F̄ -term is not renormalized. Since the supersymmetric vacua are critical points of the antiholomorphic superpotential, the vacuum stays stable. New divergences arise from sectors containing non-planar diagrams ([17, 18, 19, 27]). This is because the planar diagrams do not depend on the deformed parameter except those for the star product between the external legs.

The superfields Φ, Φ̄ satisfy the classical equation of motion

D^2Φ + m̄Φ̄ + 1 2 ḡΦ̄^2 = 0 ,

D̄^2Φ̄ + mΦ + 1 2 gΦ^2 + h 2 (Q^2Φ)^2 + 1 λ (Q^2Φ) = 0 , (2.3)

which are the algebraic equations for the auxiliary fields F and F̄ − F = Ḡ ≡ m̄Ā + 1 2 ḡĀ^2 , −F̄ = G + h 2 F^2 + 1 λ F . (2.4)

In component form, the effect of the star deformation leads to an additional F^3 term in the action in comparison with the standard WZ model. It means that the only scalar potential is affected by the deformation. The potential expressed in components fields is V = Ḡ ( G + 1 λ Ḡ + h 6 Ḡ^2 ) , (2.5)

where G = mA +^g_2 A^2. By solving the equations^{∂V}_{∂A} =^{∂V}_{∂Ā} = 0, V = 0, ones find a set of the N = 1/2 supersymmetric vacua with vanishing vacuum energy.

It has been shown (see e.g. refs. [15, 17, 18, 26, 27, 28]) that at one-loop a divergent term proportional to F^2 appears, which is not present in the classical action. To make the theory multiplicatively renormalizable we consider a modified action with the addition of F^2 term with coupling λ in (2.2). The radiatively generated F^2-term is interesting because this the term gives rise to mass splitting between the boson and fermion component fields, while keeping the vacuum energy to zero. The appearance of F^2 divergence might lead to the conclusion that the star-product becomes deformed at the quantum level. Indeed, in ref. [26] it has been given a general argument allowing to prove that suitable resummation of such and other terms in the effective potential (in some limit of large noncommutativity parameter and small external momenta) can be rewritten in terms of open Wilson lines.

1Structure of the Kählerian effective potential in the standard WZ model is discussed in [29].

– 6 –

3. General scheme of calculating the one-loop effective potential

In this section we describe a calculation of the one-particle irreducible (IPR) effective potential for the model (2.2). The one-loop correction to the effective action is formally written in the form Γ_{(1)} = i 2 ln Det(Ĥ) , (3.1)

where Ĥ is the differential operator acting on superfields being the second variational derivatives over quantum (super)fields of the classical action. In order to find this operator in the framework of the loop expansion one have to split all fields of the model on quantum and background parts. We use the standard quantum-background splitting

Φ → Φ + φ, Φ̄ → Φ̄ + φ̄ ,

where Φ and φ stand for background and quantum fields respectively. The rules for calculating variational derivatives φ, φ̄ are analogous to the ones given in refs. [16, 30]: δφ(z) δφ(z^′) = D̄^2δ(z − z^′) , δφ̄(z) δφ̄(z^′) = D^2δ(z − z^′) .

We will keep both m, m̄ nonzero so that the effective action is well defined in the infrared. The quadratic over quantum (super)fields part of the classical action is written in the form

S_{(2)} = 1 2 ∫ d^8z (φ̄, φ)Ĥ ( φ φ̄ ) , (3.2)

where we denote

Ĥ = ( D^2D̄^2 (m̄ + ḡΦ̄)D^2 (m + Λ)D̄^2 D̄^2D^2 ) , Λ = gΦ + h(Q^2Φ)Q^2 + 1 λ Q^2 . (3.3)

Further we use the convenient denotations

m + gΦ = μ, m̄ + ḡΦ̄ = μ̄ (3.4)

and consider the special background Φ̄ = Const, μ̄ = Const which is sufficient for calculation of the chiral effective potential (see a discussion in refs. [15]–[20]).

Let’s present the operator Ĥ in action S_{(2)} as a sum of two operators

Ĥ = Ĥ_0 + Ĥ_1 , (3.5)

where the operators are defined as follows

Ĥ_0 = ( D^2D̄^2 μ̄D^2 mD̄^2 D̄^2D^2 ) , Ĥ_0^{−1} = (_D2¯_D2_{□ 1□−μ̄m −μ̄□−mμ̄ D}2_□ −m □−μ̄m D̄2 □ D̄2D2 □ 1 □−mμ̄ ) , Ĥ_1 = ( 0, 0 ΛD̄^2 0 ) . (3.6) From (3.5) using the relation ln(Ĥ_0 + Ĥ_1) = ln(Ĥ_0) + ln(1 + Ĥ_0^{−1}Ĥ_1) we extract the contribution of H_0. The structure of the expression Tr ln(Ĥ_0) corresponds to an unbroken

– 7 –

N = 1 supersymmetry. This expression does not depend on the superfield Φ and can be omitted. As a result ones get the expression for the chiral effective potential

Γ_{(1)} = i 2 Tr ln ( 1 + (_{−μ̄} □−mμ̄ D^2D̄^2

□ Λ 0 D̄2^1_{□−mμ̄} Λ 0 )) = i 2 Tr ln ( 1 − μ̄ □ − mμ̄ D^2D̄^2 □ Λ ) . (3.7)

All operators □, D, D̄ in this expression act trough, i.e. not only on Λ. Now we expand the logarithm and obtain a series in powers of^{D2D̄2}_□ Λ, which can be transformed as follows

D^2D̄^2 □ Λ D^2D̄^2 □ Λ · · · = D^2 □ Λ D̄2D2D̄2 □ Λ · · · = D^2 □ ΛD̄^2Λ · · · =

D^2D̄^2 □ Λ^2 · · · ,

here we take into account that Λ is a chiral field (i.e. [D̄, Λ] = 0) and the identity^{D̄2D2D̄2}_□ = D̄2. Therefore the identity ( D^2D̄^2 □ Λ )_n · · · = D^2D̄^2 □ Λ^n · · · takes place and one can write (3.7) as follows

Γ_{(1)} = i 2 Tr ( D^2D̄^2 □ ln ( 1 − μ̄ □ − mμ̄ Λ )) . (3.8)

In order to simplify (3.8) we rewrite it in the form

Γ_{(1)} = i 2 Tr D^2D̄^2 □ ln ( □ − mμ̄ − μ̄gΦ − μ̄Λ̃ □ − mμ̄ )

= i 2 Tr D^2D̄^2 □ ( ln(□ − μμ̄ − μ̄Λ̃) − ln(□ − mμ̄) ) , (3.9)

here Λ̃ = h(Q^2Φ)Q^2 + 1 λ Q^2 = MQ^2 .

The quantity ln(□ − mμ̄) in the second line (3.9) can be dropped out since it doesn’t depend on the superfield Φ. Thus, the one-loop contribution to the effective potential (3.7) is finally presented in the following form

Γ_{(1)} = i 2 Tr ( D^2D̄^2 □ ln(□ − μμ̄ − μ̄Λ̃) ) . (3.10)

We pay attention on appearance of the chiral projector in this relation showing that the effective action is given by an integral over a chiral subspace. Further calculations will be fulfilled using the symbol-operator techniques [31].

3.1 Symbol-operator techniques and heat kernel representation

Here we shortly describe the basic notions of the symbol-operator techniques which is used for calculations of the one-loop effective action. The detail description of this techniques was given in papers [31]. We just remind the main stages.

– 8 –

The main idea is based on the supersymmetric generalization of the well known trace formula for the operator Â = a(q̂, p̂)

Tr(Â) = ∫ dμ(γ)A(γ) , (3.11) where q̂, p̂ are the operators of coordinate and momentum, γ = (q, p) are the coordinates on the phase-space, dμ(γ) is a measure on the phase-space, A(γ) is a symbol of the operator Â and integration goes over the full phase-space. The symbol of the operator Â is function on phase space and defined^2 as A(γ) =^{⟨p|Â|q⟩}_{⟨p|q⟩} . Practical calculation of symbols is based on a relation like A(γ) = a(q + iℏ^d_{dp} , p) × 1 where right hand side is constructed from the operator a(q̂, p̂) replacing the operator q̂ by q + iℏ^d_{dp} and the operator p̂ by p (see e.g. [31] and the references therein).

We apply the symbol operator techniques to calculation of traces for the operators depending on N = 1 superspace coordinates z^M = (x^m, θ^α, θ̄^{α̇}) and corresponding derivatives. The phase superspace is parameterized by z^M , p_M where p_M = (p_m, ψ_α, ψ̄_{α̇}). In the case under consideration we have to consider the operators Â = a(z,^∂_{∂z} ). According to the symbol-operator techniques, the calculation of the trace for such operators contains the following steps (see the details in [31]):

1. We introduce the quantity ⟨p|z⟩ and define the symbols (z, p) of the basic operators (z, ∂/∂z) by general relation (z, p)⟨p|z⟩ = ⟨p|(ẑ, p̂)|z⟩. 2. To calculate a symbol of the operator function a(z, ∂/∂z) of basic operators ones replace all basic operators z, ∂/∂z by the quantities z^ℏ, p respectively. The quantities z^ℏ are constructed by the rule z^ℏ = U^{−1}zU. The appropriate operator U for N = 1 superspace field theories is found in [31] and will be written down bellow.

3. Symbol of the operator under consideration is defined as A(γ) = a(z^ℏ, p) × 1.

4. Trace of the operator Â under consideration is given by relation (3.11).

Let us employ the above prescription for calculating the effective action (3.10). In this case the phase superspace coordinates are γ = (p, ψ, ψ̄; x, θ, θ̄), the measure in the trace definition (3.11) is dμ(γ) = d^8z^{d4p}_{(2π)4} d^2ψd^2ψ̄ and the quantity ⟨p, ψ, ψ̄|x, θ, θ̄⟩ is ⟨p, ψ, ψ̄|x, θ, θ̄⟩ = e^{ip·x+θα·ψα+θ̄α̇·ψ̄α̇} . (3.12) It allows to obtain the symbols of the supercharge Q_α and spinor derivatives D_α, D̄_{α̇} in the form Operator Symbol Q_α = i ∂ ∂θ^α = i∂_α → Q_α(γ) = iψ_α , D_α = ∂_α + θ̄^{α̇}i∂_{αα̇} → D_α(γ) = ψ_α − θ̄^{α̇}p_{αα̇} , D̄_{α̇} = ¯∂_{α̇} → D̄_{α̇}(γ) = ψ̄_{α̇} .

(3.13)

2The symbol we use here is so called pq-symbol. One can show that Tr(Â) does not depend on the choice of symbol.

– 9 –

In order to calculate the symbol of the operator function a(z, ∂_m, D, D̄, Q) we have to replace within the operator the z, ∂/∂z by the corresponding quantities z^ℏ, p constructed with the help of a U-operator which, for the case under consideration, has the form (see the details in [31]) U = e^{− ¯∂D̄}e^{∂p·θ̄}e^{−∂D}e^{−i∂p∂x} , (3.14) where ∂^α =^∂_{∂ψα} , ¯∂^{α̇} =^∂_{∂ψ̄α̇} and the derivatives D, D̄, ∂_z act on the left while the operators ∂ ∂ψ ,^∂_{∂ψ̄} , ∂_p act on the right. As a result ones get the operator acting in phase superspace^3

A^ℏ = a(z^ℏ, p^ℏ, D^ℏ, D̄^ℏ, Q^ℏ) . (3.15)

Simple calculations lead to

D̄^ℏ_{α̇} = ψ̄_{α̇} , D^ℏ_α = ψ_α − ¯∂^{α̇}p_{αα̇} , Q^ℏ_α = i(ψ_α + p_{αα̇}θ̄^{α̇}) , p^ℏ_{αα̇} = p_{αα̇} . (3.16)

These operators obey the initial algebra but act on functions of phase superspace coordinates. For the background field one can get the representation

Φ^ℏ(y, θ) = Φ(y + i∂_p, θ + ∂_ψ) = Φ + ∂^α(D_αΦ) − ∂^2(D^2Φ) + O(∂_y) , (3.17)

here the derivatives ∂ = ∂/∂ψ act through on the right. The terms including the yderivatives of Φ can be omitted because we use the approximation of background fields slowly varying in space-time.

Now we consider the effective action (3.10). It is written as a trace of the operator depending on z, D.D̄, Q and hence, we can apply to its calculation the symbol operator techniques we shortly described above. After replacement in (3.10) the derivatives and fields by corresponding quantities (3.16) and (3.17) we obtain the representation for the one-loop effective action in the form:

Γ_{(1)} = i 2 ∫ d^8z ∫ d^2ψd^2ψ̄ d^4p (2π)^4 ( ψ^2ψ̄^2 −p^2 ) ln(−p^2 − μ̄ · (m + gΦ^ℏ(y, θ) + M(Q^ℏ)^2)) × 1 ,

(3.18)

M = h(Q^2Φ) + 1 λ . (3.19)

We replace in (3.10) the operator^{D2D̄2}_□ with (3.16) and take into account that the non-zero integral over ψ̄ must contain the factor ψ̄^2. Since such a factor is completely formed in D̄^2_ℏ and saturates the integral over ψ̄, we can drop ¯∂^{α̇}p_{αα̇} in D^2_ℏ.

Last step of calculations is to act on unit in (3.18). It is equivalent to moving all derivatives ∂_ψ, ∂¯_ψ in (3.18) on the right and drop them. The properties of the superspace integration and differentiation ∫ d^2ψ A ≡ ∂^2A , ∂^2 · ψ^2 = −1 (3.20)

can be used in (3.18) for calculation.

3Index ℏ marks the quantities transformed with the help of U-operator.

– 10 –

Useful elements of calculations of the effective action under consideration is ζ-function representation of eq. (3.18). To find it we use proper-time integral representation of the logarithm. It is convenient also to introduce a dimension parameter L^2 which serves for compensation of the dimensional quantity in the proper-time exponent.^4 With the mentioned notations the ζ-function representation is

Γ_{(1)} = ( − d ds )| | s=0 i 2 ∫ d^8z ∫ d^4p (2π)^4 ∫ d^2ψd^2ψ̄ ( ψ^2ψ̄^2 −p^2 ) × × ∫_∞ 0 dT Γ(s)

T^{s−1}(L^2)^se^{−T (p2+μ̄μ+μ̄Λ̃)} = ( − d ds )| | s=0 ∫_∞ 0 dT Γ(s) T^{s−1} ∫ d^6z D̄^2K ( T L^2 ) , (3.21)

where the heat kernel in the above equation is defined as

K(T ) = i 2 ∫ d^4p (2π)^4 1 −p^2 ( L^2 μ̄ )_s μ̄ e^{−T (p2+m)}e^{−T (MQ2ℏ+gΦℏ(y,θ))} × 1 . (3.22)

It should be noted that our aim is study only the chiral effective potential and, therefore, we rewrite the integral over grassmannian variables in (3.21) via a chiral integral.

In (3.21), for simplicity, we changed the denotation for variables: p^2 μ̄ → p^2 , T μ̄ → T . (3.23)

In further calculation we have to keep in mind these replacement.

As it has been shown by direct calculation in refs. [8, 10, 11, 19, 20] and presented as a theorem in [27] the chiral superpotential in N = 1/2 model is proportional to θ̄^2. The presence of the term ∼ Φ(Q^2Φ)^2 in the classical action (2.2) leads to possible action of Q^2 inside the loop integrals, and this results effectively in θ̄^2-dependence.

The general structure of the effective action in N = 1/2 supersymmetry models is given as [27]

Γ[Φ, Φ̄] = ∑ n ∫ n∏ j=1 d^4x_j ∫ d^2θd^2θ̄ G(x_1, . . . , x_n; θ̄^2)F_1(x_1, θ, θ̄) · · · F_n(x_n, θ, θ̄) , (3.24)

where G(x_1, . . . , x_n; θ̄^2) are translation-invariant functions of coordinates x and possible insertion θ̄^2, while F (x, θ, θ̄) are local operators of Φ, Φ̄, their covariant derivatives, and the expressions QΦ. The insertion of θ̄^2 from G(x_1, . . . , x_n; θ̄^2) absorbs the ∫ d^2θ̄ integral.

Because of this, the D-terms with pure chiral fields and holomorphic F -terms coincide between each other and, therefore, both D-terms and F -terms are unified in N = 1/2 supersymmetry [27].

As a result, the integral over full superspace (3.21) is transformed to the integral over chiral subspace ∫ d^8zθ̄^2 · · · = ∫ d^6zD̄^2θ̄^2 · · ·. Therefore quantity μ̄ will contribute to the effective action (3.22) only one of it’s component μ̄ = m̄ + ḡĀ Using equation of motion it means μ̄^2 = m̄^2 − 2ḡF . Thus, the expression for chiral potential (3.21) does not contain any antichiral superfields.

4The proper time T became dimensionless.

– 11 –

3.2 Exact calculation of the heat kernel In the present section we present a method allowing to find an exact expression for the heat kernel. In general, exact calculation of the heat kernel is impossible. The model under consideration is quite remarkable since it provides the exact evaluation of the heat kernel. The reason is the fact that for this model the heat kernel calculation is reduced to finding an evolution operator for a harmonical oscillator with the grassmannian coordinate ψ and momentum ∂/∂ψ.

In order to calculate (3.22), according to the symbol-operator techniques, we have to disentangle derivatives in the exponent of the heat kernel. To do that we transfer all derivatives ∂_ψ on the right and act on unit. It means that after such a transformation all terms with derivatives must be omitted and a final contribution is resulted only from recommutations of the differential operators to the last right position. The rest part is the symbol of the heat kernel. Finally, the trace of hear kernel is given by integration of the corresponding symbols over the phase space (see e.g. [31]).

Let’s denote the right exponent in (3.22) as

h(T ) = e^{−T (MQ2ℏ+gΦℏ(y,θ))} × 1 . (3.25)

Using (3.17) one can rewrite it in the form h(T ) = e^{T MQ̃2ℏ−T gΦ−T g∂α(DαΦ)+T g∂2(D2Φ)} (3.26) where ∂^α =^∂_{∂ψα} , Q̃^ℏ_α = (ψ + √ μ̄pθ̄)_α and M was defined in (3.19).

The expression in the exponent (3.26) can be simplified by introducing a new denotation ~∂_α = ∂_α −^{DαΦ}_{D2Φ} , then we can extract from (3.26) ψ- and ∂_ψ-independent part h(T ) = e^{−T gΦ−T g (DΦ)} 2 D2Φ · k(T ) × 1 , k(T ) = e^{T MQ̃2ℏ+T g(D2Φ) ~∂2} . (3.27)

Straightforward calculations of the commutation relations between operators in operator-dependent part k(T ) lead to the following algebra

{ ~∂^α, Q̃^ℏ_β } = δ^α_β [ ~∂^2, Q̃^2_ℏ] = (Q̃^ℏ_α ~∂^α − 1) , (3.28)

i.e. Q̃^ℏ_β and ~∂^α can be considered as the Grassmann coordinates and momenta.

We will show that the function k(T ) × 1 can be calculated exactly. It means that the whole heat kernel in (3.22) is exactly found. We pay attention that the operator k(T ) = e^{T MQ̃2}ℏ^{+T g(D2Φ) ~∂2} can be evidently treated as an evolution operator for a quantum system with hamiltonian H = −(MQ̃^2_ℏ + g(D^2Φ) ~∂^2). This hamiltonian is a quadratic form in grassmannian coordinates ψ and corresponding momenta ∂/∂ψ with some coefficients. Such a quantum system is called the grassmannian oscillator (see e.g. [32]). As a result, the problem under consideration is reduced to a problem of finding the trace for the evolution operator of the grassmannian oscillator which can be solved exactly on the base of its algebraic properties.

Let us introduce denotations for the operators

e_1 = Q̃^2_ℏ , e_2 = ~∂^2 , e_3 = Q̃^ℏ_α ~∂^α − 1 . (3.29)

– 12 –

It is easy to see that these operators satisfy the commutation relations for the generators of su(2) algebra

[e_1, e_2] = e_3 , [e_3, e_1] = 2e_1 , [e_3, e_2] = −2e_2 . (3.30)

Hence, the exponent in k(T ) (3.27) is nothing but a group element of SU(2)

k(T ) = e^{T Me1+T gF e2} , (3.31)

where F = D^2Φ, M = h(Q^2Φ) + 1 λ . (3.32)

This observation allows to simplify all further consideration.

Since our goal is to find a symbol of the heat kernel, we should move all derivatives in the exponent (3.27) to right hand side and act on unit what is equivalent to drop them. The generators containing the derivatives in the group element k(T ) are e_2, e_3. It is most convenient to rewrite the group element k(T ) in the gaussian form

k(T ) = e^{T Me1+T F e2} = e^{A(T )e1} e^{B(T )e3} e^{C(T )e2} . (3.33)

To find functions A, B, C we calculate^{dk(T )}_{dT} · k^{−1}(T ) for first k = e^{T Me1+T F e2} and for second k = e^{A(T )e1} e^{B(T )e3} e^{C(T )e2} representations for k from the expression (3.33). Because the results must be equal, it leads to constrains on the coefficients

Me_1 + F e_2 = e_1(Ȧ − 2AḂ − A^2Ċe^{−2B} ) + e_2Ċe^{−2B} + e_3(Ḃ + AĊe^{−2B} ) . (3.34)

Comparison of the coefficients at each e_i leads to a set of first order differential equations for A, B, C. In particular, one of these equations looks like Ȧ + A^2F = M and has the solution A = √ M F tanh(T √ MF ) . (3.35)

The other equations have the solutions

B = − ln cosh(T √ F M ) , C = √ F M tanh(T √ F M) . (3.36)

Here the F and M are given by (3.32). Using definition of the generators (3.29) and dropping the derivatives acting on unit in (3.33) one obtains

e^{A(T )e1} = e^{AQ2} ,

e^{B(T )e3} = e^{−B(T )} exp ( (1 − e^{B(T )})Q_α gD^αΦ F ) , e^{C(T )e2} × 1 = e^{C(T ) ~∂2} = exp ( C(T )g^2 D^αΦD_αΦ 2F^2 ) , (3.37)

where Q_α = √ μ̄p_{αα̇}θ̄^{α̇}, Q^2 = −μ̄p^2θ̄^2 due to (3.16), (3.23) and only terms without ψ, ψ̄ are kept because the definition (3.21) already contains the factor ψ^2ψ̄^2.

– 13 –

As a result one obtains for the symbol (3.25) the following expression

k(T ) × 1 = Q^2 ( A(T ) + (1 − e^B )^2 g^2 F^2

(DΦ)^2 ) exp ( −B(T ) + C(T ) g^2 F^2

(DΦ)^2 ) , (3.38)

where (DΦ)^2 =^1_2 D^αΦD_αΦ and the A(T ), B(T ), C(T ) are given by (3.35), (3.36) Now using (3.27), (3.38) in (3.21), (3.22) we obtain the exact expression for the oneloop chiral potential

Γ_{(1)} = − d ds | | s=0 ∫ d^6z ∫_∞ 0 dT Γ(s) T^{s−1} 1 2(4πT )^2 ( L^2 μ̄ )_s μ̄^2e^{−T (m+gΦ)} · k̃(T ) , (3.39)

where

k̃(T ) = (√ M F tanh(T √ F M) + ( 1 − 1 cosh(T √ F M) )_2 g^2 F^2

(DΦ)^2 ) ×

× cosh(T √ F M) exp ( T g^2 (DΦ)^2 F ( tanh(T √ F M) T √ F M − 1 )) (3.40)

can be further simplified. Taking into account the grassmannian property (DΦ)^3 = 0 and expanding the exponent in (3.40) one can find

k̃(T ) = sinh(T √ F M) (√ M F + T √ F M ( tanh(T √ F M/2) T √ F M/2 − 1 ) g^2 F^2

(DΦ)^2 ) . (3.41)

Now we take into account the property ∫ D^α(ΦD_αΦe^{−T gΦ}) = 0, which can be used in (3.39).

We get (DΦ)^2 = −^{ΦF}_{1−T gΦ} . As a result one obtains the expression

k̃(T ) = √ M F sinh(T √ F M) ( 1 − g T gΦ 1 − T gΦ ( tanh(T √ F M/2) T √ F M/2 − 1 )) . (3.42)

The expressions (3.39), (3.42) determine the final exact solution for the one-loop chiral effective potential in N = 1/2 WZ model. The various approximate results can be obtained using the various expansions of (3.42). Also we point out that the integral (3.39) is divergent at the low limit. To get a finite effective potential we should, as usual, to subtract in the integrand of (3.42) a first term in expansion of the integrand in T . We will specially discuss a structure of divergences in the theory under consideration in subsection 4.1.

3.3 Expansion of the heat kernel

The exact result for the one-loop chiral effective potential is presented by the expressions (3.39), (3.42) in the form of an integral over proper time T which can not be written in an explicit form in terms of elementary or known special functions. To obtain the various approximate results we have to construct the expansions of the heat kernel and calculate the integral over proper time in an explicit form. In this section we formulate some independent procedure for the heat kernel expansion which doesn’t use (3.39) at all and based on the Fourier transforms in the grassmannian variables. It allows us to develop

– 14 – an approximate scheme for calculating the chiral effective potential in a form of a power expansion of spinor derivatives of Φ. Of course, such an expansion can be constructed, in principle, on the base of exact result (3.39), (3.42). However, technically it is much more easy to begin with initial relation (3.22).

Let’s present the exponent (3.25) as a sum

h(T ) = e^{T (H0+V )} × 1 = ∞∑ n=0 h_n(T ) × 1 , h_0 = e^{T H0} , H_0 = −MQ^2_ℏ , V = −gΦ_ℏ(y, θ) ,

(3.43) where the general term of the sum is given by the T -ordered iterated integral

h_n(T ) × 1 = ∫_T 0 dt_n ∫_{tn} 0 dt_{n−1} . . . ∫_{t2} 0 dt_1 e^{(T −tn)H0} V e^{(tn −tn−1)H0} V . . . V e^{(t2 −t1)H0} V e^{t1 H0} , (3.44) (see details in ref. [33]). This integral for every fixed n can be calculated. Firstly, we make a replacement of the variables

s_1 = t_2 − t_1 , . . s_{n−1} = t_n − t_{n−1} , t = T − t_n , (3.45)

using the rules (t_1, . . . , t_n) → (s_1, . . . , s_{n−1}, t). This replacement does not change integra- tion because^{∂(s1,...,sn,t)} ∂(t_1 ,...,t_n) = 1 and n−1∑ i=1 s_i ≤ T − t ≤ T , 0 ≤ s_i , i = 1, . . . , n − 1 . Therefore one can write the integral in (3.44) as follows ∫_T 0 dt_n ∫_{tn} 0 dt_{n−1} · · · ∫_{t2} 0 dt_1 = ∫ ds_1 · · · ds_{n−1} ∫_{T −}^∑n−1_{i=1 si} 0 dt ; 0 ≤ s_i , n−1∑ i=1 s_i ≤ T . Let’s introduce a redundant variable s_n = T − ∑_{n−1} i=1 s_i, then the general term (3.44) can be written in a symmetrical form

h_n(T ) × 1 = ∫ d^ns δ ( T − n∑ i=1 s_i ) ∫_{sn} 0 ds_{n+1} Tr ( e^{tH0} V e^{s1H0} · · · V e^{sn−1H0} V e^{snH0} e^{−tH0} ) . (3.46) Because ∫_{sn} 0 ds_{n+1} = s_n = 1 n n∑ i=1 s_i = 1 n T , one can also write

h_n(T ) × 1 = T n ∫ d^ns δ ( T − n∑ i=1 s_i ) Tr ( V e^{s1H0} · · · V e^{snH0} ) . (3.47)

– 15 –

For further calculation we use another replacement of the variables s_i → α_i, α_i = s_i/T in (3.43) along with the Fourier transform for the grassmannian variables V (y, θ) = −gΦ_ℏ(y, θ) = ∫ d^2π (−gΦ(y, π)) e^{(θ+∂)π} , ∂ = ∂ ∂ψ , (3.48)

where the Fourier transform of the background field is Φ(y, π) = − ∫ d^2θ e^{−θπ}Φ(y, θ) = F (y) + π^ακ_α(y) − π^2A(y) . (3.49)

This transformation allows to rewrite the expression (3.47) in the form

h_n(T ) × 1 = ∫_n∏ i=1 d^2π_i [−gΦ(π_i)] T^n n ×

× ∫ α_i≥0 d^nα δ ( 1 − n∑ α_i ) e^{θ(∑ πi)}E_{(n)}(α_1, . . . α_n) (3.50)

where we introduced the new denotation

E_{(n)}(α_1, . . . α_n) = e^{∂π1} e^{T α1H0} e^{∂π2} e^{T α2H0} × · · · × e^{∂πn} e^{T αnH0} × 1 . (3.51)

The last expression can be simplified. Because T H_0 = −T MQ^2_ℏ it is useful temporarily introduce a new variable u = −T M. Using the relation e^{∂π}e^{αuQ2ℏ} e^{−∂π}e^{∂π} = e^{αu(Q2ℏ−iπQℏ−π2)}e^{∂π} , (3.52) where π^2 =^1_2 π^απ_α along with the property e^{∂π} ×1 = 1, we transform the exponent sequence in (3.51) to e^{α1u(Q2−iπ1Q−π21 )}e^{α2u(Q2ℏ−i(π1+π2)Qℏ−(π1+π2)2)} × · · · × e^{αnu(Q2ℏ−i(π1+···+πn)Qℏ−(π1+···+πn)2)} . (3.53) Collecting terms with the same powers Q_ℏ one can write

E_{(n)}(α_1, . . . α_n) = exp ( Q^2_ℏu(α_1 + · · · + α_n) − − [α_1π_1 + α_2(π_1 + π_2) + · · · + α_n(π_1 + · · · + π_n)]iuQ_ℏ − − u[α_1π^2_1 + α_2(π_1 + π_2)^2 + · · · + α_n(π_1 + · · · + π_n)^2] ) × 1 . (3.54)

For the integration over grassmannian variables ψ in (3.21) we must keep in E_{(n)} only terms which don’t contain ψ at all. That means that we can drop all ψ in further calculation. Because we made changes of variables (3.23) the expression for supercharge now is Q_ℏ = i √ μ̄p̂ · θ̄. Using relation e^{u(Q2}ℏ^{−iΓαQℏα)} = e^{uQ̃2}ℏ e^{uΓ2} , new denotations Q̃ = Q_ℏ − iΓ, Q^2_ℏ = −μ̄p^2θ̄^2 and properties

D̄^2Q̃^2| = μ̄p^2 , ∫ d^4p (2π)^4 e^{−T p2} = i (4πT )^2

, (3.55)

– 16 – we transfer the consequence (3.54) to a final form

E_{(n)}(α_1, . . . α_n) = exp ( T M [ α_1π^2_1 + α_2(π_1 + π_2)^2 · · · + α_n(π_1 + . . . + π_n)^2 ] + − T M [α_1π_1 + α_2(π_1 + π_2) + . . . + α_n(π_1 + · · · + π_n)]^2 ) , (3.56)

where u = −T M. This leads to the following representation for the one-loop chiral effective potential

Γ_{(1)} = ( − d ds )| | ∫ d^4x ∫ d^2θ ∫_∞ 0 dT Γ(s) T^{s−1} 2(4πT )^2 (−T M) ( L^2 μ̄ )_s μ̄^2e^{−T m} × × ∞∑ n=0 ∫_n∏ i=1 d^2π_i[−gΦ(y, π_i)] T^n n e^{θ(∑ni=1 πi)} ∫ α_i≥0 d^nα ×

×δ ( 1 − n∑ α_i ) E_{(n)}(α_1, . . . α_n) . (3.57)

This is the basic relation allowing to develop a scheme for approximate calculations of the chiral effective potential.

Thus, we obtained the one-loop chiral effective potential in two forms, in form of exact integral representation (3.39) and in form of expansion (3.57). Integral representation (3.39) has independent significance and is one of our main results here. The expansion (3.57) will be used further for obtaining the various approximate results for the chiral effective potential.

4. Evaluations of the chiral effective potential

Now we evaluate the chiral effective potential for the model (2.2) using the representation (3.57) and the quantities E_{(n)} which appeared in the heat kernel representation (3.50). It is clear that in general the chiral effective potential should have the divergent and the finite parts

Γ_{(1)} = Γ^{div}_{(1)} + Γ^{fin}_{(1)} = ∫ d^6z (W_{div}(Φ, D^2Φ) + W_{fin}(Φ, D^2Φ)) , (4.1)

where W_{div} is a divergent part which is discussed in the section 4.1, the finite part W_{fin} is studied in the sections 4.2, 4.3.

Because π are the grassmannian momenta π^3 = 0, the quantities E_{(n)} are the finite polynomials in π_i for each fixed n in (3.57). Below we will demonstrate the calculation of several E_{(n)} in an explicit form. It is worth pointing out that expression (3.57) has a structure of the well-known analytical representation for the one-loop Feynman integrals and obviously it could be found summing up the contributions of all one-loop diagrams with arbitrary number of external legs.

Let us present (3.57) in the following form

Γ_{(1)} = ∞∑ n=0 R_n , (4.2)

– 17 – where

R_{(n)} = ( − d ds )| | | ∫ d^4x ∫ d^2θ ∫_∞ 0 dT Γ(s) T^{s−1} 2(4πT )^2 (−T M) ( L^2 μ̄ )_s μ̄^2e^{−T m} × × ∫ n∏ i=1 d^2π_i[−gΦ(y, π_i)] T^n n e^{θ(∑ni=1 πi)} ∫ α_i≥0 d^nα ×

×δ ( 1 − n∑ α_i ) E_{(n)}(α_1, . . . α_n) . (4.3)

Further it will be shown that relation (4.2) leads to the effective potential in the form of expansion in power in D^2Φ with coefficients dependent on Φ

Γ_{(1)} = ∫ d^4xd^2θ W_{eff} (Φ, D^2Φ) , W_{eff} (Φ, D^2Φ) = ∞∑ k=0 W_k(Φ)(D^2Φ)^k , (4.4)

where W_k(Φ) is an infinite series over powers of Φ which goes from all R_l with l > k.

In is worth paying attention again on the expansion (4.2) which is nothing but an ordinary diagram expansion: each R_n corresponds to a contribution from diagram having n-legs Φ on the background of constant D^2Φ. It means that the corresponding contributions contain the mentioned constant background dependence. The operator techniques we use here allows to obtain this expansion by simpler way. A sense of the expansion (4.2) can be traced from analysis of eq. (3.57). According to eq. (3.44) the quantity E_{(n)} defines the heat kernel expansion. The sum over n in (3.57) appeared from the heat kernel expansion (3.43), (3.50). From eq. (3.44) it is follows that the contribution from h_n for any fixed n goes from n insertion of the background field V (or Φ) (3.48). It means that a term R_n in the expansion (4.2) could correspond to the contribution from the diagram having n external legs. Nevertheless, according to (3.4), (3.18) the external field Φ is also presented in μ and in M, which are contained in the propagator. The quantity M consists of two terms: first term h(Q^2Φ) will insert additional background field, while the second term 1/λ will not. Finally we can conclude that the term R_n in the expansion (4.2) consists from the contributions of several one-loop diagrams: namely from diagrams having n, n + 1, . . . , 2n external fields Φ.

As one can see from (3.56) for practical purposes it is useful to introduce the new variables (linear combinations of the external momenta)

l_1 = π_1 , l_2 = π_1 + π_2 , . . l_n = π_1 + · · · + π_n , l_{ij} = l_i − l_j . (4.5)

The inverse transformation is

π_1 = l_1 ,

– 18 – π_2 = l_2 − l_1 = l_{21} , π_3 = l_3 − l_2 = l_{32} , . . π_n = l_n − l_{n−1} = l_{n n−1} , (4.6)

and, therefore, the above transformation leads in (3.57) to Φ(π_k) → Φ(l_{k k−1}). Using property ∑ i α_i = 1, in terms of variables (4.5), the exponent (3.56) can be written as

E_{(n)}(α_1, . . . α_n) = exp(T M(α_1α_2l^2_{12} + α_1α_3l^2_{13} + . . . + α_1α_nl^2_{1n} + · · · + α_{n−1}α_nl^2_{n−1 n} n(n−1)/2 )) .

(4.7) Because π_i are grassmannian momenta, (l^2_{i1i2} )^k = 0 for any k > 1, the expansion of the exponent for fixed n will lead to a finite polynomial in π_i. The expansion of the above exponential argument gives^{n(n−1)}_2 terms with different coefficients α_{i1} α_{i2}

E_{(n)} = 1 + n∑ k=0 1 k! ∑ j (k; j_1, . . . , j n(n−1)_2 ) n(n−1) 2∏ i=1 (T Mα̃_il^2_i )^{ji} , (4.8)

where ∑ j goes over all possible combinations j_i = 0, 1 such that ∑ i j_i = k and i = 1, . . . ,^{n(n−1)}_2 ; (k; j_1, . . . j_m) is the number of ways to put k = j_1 + . . . + j_m different things into m different boxes and j_i = 0, 1; l_i = l_{i1i2} is the variables (4.6); α̃_i = α_{i1} α_{i2} with the same induces as the corresponding l_{i1i2} .

For example

E_{(2)} = exp(T Mα_1α_2l^2_{12}) = 1 + 1 2 T Mα_1α_2π_1π_2 ,

E_{(3)} = exp(T M(α_1α_2l^2_{12} + α_1α_3l^2_{13} + α_2α_3l^2_3)) = 1 + T M(α_1α_2l^2_{12} + α_1α_3l^2_{13} + α_2α_3l^2_3) + + (T M)^2(α^2_1α_2α_3l^2_{12}l^2_{13} + α_1α^2α_3l^2_{12}l^2_3 + α_1α_2α^2_3l^2_{13}l^2_3) + + (T M)^3α^2_1α^2α^2_3l^2_{12}l^2_{13}l^2_3 , (4.9)

where l^2_{12} = π^2 = −^1_2 π_2(π_1 + π_3), l^2_{13} = π^2_1 = −^1_2 π_1(π_2 + π_3), l^2_3 = π^2_3 = −^1_2 π_3(π_1 + π_2).

One can note that the expansions (4.8) correspond to the derivative expansion in the coordinate space. All terms in (4.8), excluding the first one, contain the momenta π, which after the inverse Fourier transform are similar to the one given in eq. (3.48) will correspond to a grassmannian derivation, i.e. π_iΦ_i → DΦ. The first term in (4.8) doesn’t contain π and therefore leads to the contribution without derivatives.

After expansion of the E_{(n)} in a series, the finding of R_n contribution in (4.2) consists in calculation of the proper-time and α- integrals. The integrals over alphas can be calculated using expression ∫ n∏ i dα_i δ ( 1 − n∑ i α_i ) α^{j1}_1 α^{j2}_2 · · · α^{jn}_n =

Γ(j_1 + 1)Γ(j_2 + 1) · · · Γ(j_n + 1) Γ(j_1 + j_2 + · · · + j_n + n)

. (4.10)

– 19 –

It can be also useful to fulfil the Fourier transform inverse to (3.49), which is equivalent to the replacement π_iΦ_i → DΦ. It is easy to see that the structure of a general element of the expansion contains Φ^m(D^2Φ)^n. Such a structure belongs to the ring structure which corresponds to the ring structure discussed in [34].

In the following sections we will show that for the model under consideration any term R_n can be expressed via hypergeometric functions of n variables. Due to grassmannian properties of the variables the expansions of these hypergeometric functions are finite polynomials.

4.1 Divergent part of effective potential

In this section we find the divergent contributions to the chiral effective potential using two approaches. The first approach based on direct calculation of expression (3.3) while the second approach uses eq. (3.57). Of course, both approaches give the coincident results.

There are at least two possibilities for calculation of the divergencies. The first one is based on direct expansion of the logarithm in (3.3) into power series of the matrix, i.e. ln(1 + X) = X − X^2/2 + X^3/3 − X^4/4 + · · ·, and calculating the traces for corresponding matrix powers. For the simplicity we rewrite matrix X = H^{−1}_0 H_1 from (3.3) as a block type matrix

X = ( A B C D ) , A =^{−m̄}_{□+}^{D2D̄2}_□ (gΦ + MQ^2) , B =^{D2}_{□+} ḡΦ̄ , D =^{−m}_{□+}^{D̄2D2}_□ ḡΦ̄ , C =^{D̄2}_{□+} (gΦ + MQ^2) .

(4.11)

The trace of the first power of the matrix doesn’t contain the field dependence. One can see that divergent terms ∼ M will appear only in 2, 3 and 4-th orders. We will consider them one after another.

In the second order one gets −^1_2 · 2MD^2D̄^2(m̄^2gΦ^1_{□□2+} + ḡΦ̄^1_{□2+} )Q^2

Tr(X^2) 2 ∼ − 1 2(4π)^2

M(m̄^2gΦ + 2ḡΦ̄mm̄) ln (mm̄ L^2 ) . (4.12)

The third order gives^{−m̄}_{□3+} D^2D̄^2ḡΦ̄2gΦMQ^2 +^{D2D̄2}_{□3+} (−mḡ^2Φ̄^2MQ^2)

Tr(X^3) 3 ∼ − 1 2(4π)^2

(m̄2ḡgΦΦ̄ + mḡ^2Φ̄^2)M ln (mm̄ L^2 ) (4.13)

The fourth order gives −D^2D̄^{2 □}_{□4+} ḡ^2Φ̄^2gΦMQ^2

Tr(X^4) 4 = − 1 2(4π)^2 gḡ^2ΦΦ̄^2M ln (mm̄ L^2 ) (4.14)

Here L is a regularization scale. Combining these terms together one obtains the following expression W_{div} = − 1 2(4π)^2

{m̄^2gΦ + 2mḡḠ + 2gḡΦḠ}M ln (mm̄ L^2 ) , (4.15)

– 20 – where Ḡ = −D^2Φ = Q^2Φ is the earlier introduced combination, which was used in the equations of motion (2.3). The result (4.15) corresponds to the one given in [17] up to regularization scheme.

The second approach for calculation of divergencies implies use of the expansion (3.57). To get the divergencies it is enough to consider in the sum of (4.2) only terms coming from R_0: R^{div}_0 = ∫ d^4xd^2θ m 2(4π)^2

(m̄^2 + 2ḡQ^2Φ) ( 1 λ + hQ^2Φ ) ln (mμ̄ L^2 ) , (4.16)

and R_1: R^{div}_1 = ∫ d^4xd^2θ g 2(4π)^2

(m̄^2 + 2ḡQ^2Φ) ( 1 λ + hQ^2Φ ) Φ ln (mμ̄ L^2 ) . (4.17)

In the above expressions we used relations (m̄ + ḡĀ)^2 = m̄^2 + 2ḡḠ and Ḡ = Q^2Φ. The sum of R_0 and R_1 gives the result which coincides with (4.15) up to finite terms and divergent terms independent of Φ. We point out also that the expression W_{div} (4.15) is completely consistent with all earlier results on one-loop divergencies in the model under consideration obtained by the other methods [17].

4.2 Structure of finite contributions to chiral effective potential

In this section we demonstrate using (3.57) the explicit calculations of several finite contributions to effective potential with higher orders of external grassmannian momenta. According to the previous discussion, these terms can be presented as elements of a ring structure R(Φ, D^2Φ, DΦDΦ) (see also ref. [34]). From (4.8), (4.9), (4.10) one can see that the terms R_n in the expansion (4.2) should have the general form

R_n = ∫ d^4xd^2θ n∑ k=0 C_{k;n}(M, μ̄, m)Φ^{n−k} ( M m D^2Φ )_k , Φ = Φ(y, θ) (4.18)

here as before M = hQ^2Φ + 1/λ, μ̄ = m̄ + ḡΦ̄, and C_{k;n}(M, μ̄, m) are some functions. It can be also mentioned from (3.57) that Γ_{(1)} is proportional to M = hQ^2Φ + 1/λ and at h = 0 and 1/λ = 0 we get Γ_{(1)} = 0, i.e. then N = 1 supersymmetry is recovered, the chiral effective potential is absent in agreement with the nonrenormalization theorem.

We will show that calculations of the finite contributions R_n to the chiral effective potential is closely related with so called Mellin-Barnes representation of hypergeometrical functions of several variables [35]. The hypergeometrical functions of grassmannian variables are the finite order polynomials which can be always expressed via a star-product. It means that the effective potential can be organized as a sum of elements of the mentioned ring.

4.2.1 R_2 contribution to the effective potential For the beginning one notes that all terms R_n for n > 1 in (3.57) are finite. We will consecutively consider several first finite contributions to the chiral effective potential. In this section we find an explicit expression for R_2 term from the expansion (4.2) which defined by E_{(2)} contribution in eq. (3.57). Since the expansion of E_{(2)} contains the momenta

– 21 – variables, after the inverse Fourier transform the result will contain terms with derivatives, i.e. π_iΦ_i → DΦ. Of course the result contains a constant contribution which is summed in (4.31), but it also contains the contributions with derivatives of the background fields.

A method of R_n terms calculation was described in the beginning of section 4. It supposes using the E_{(n)} expansion in the form (4.9). However one can start directly with the exponential form (4.7).

In the expansion (4.2) we consider R_2 contribution containing one variable l_{12} = π_2. According to (3.57) and (4.8) it will be defined by E_{(2)}, which is the function of one variable l_{12}, as it demonstrated in (4.9). If we consider the Mellin transform (see e.g. [35]) for functions dependent on one variable f(ρ) = ∫_∞ 0 f(l^2_i )(l^2_i )^{ρ−1}dl^2_i , f(l^2_i ) = ∫ C_− dρ 2πi f(ρ)(l^2_i )^{−ρ} , (4.19)

we can note that R_{(2)} is the Mellin transform of function E_{(2)}, with l_i = l_{12}, f(ρ) =

Γ(ρ) (−T Mα_1α_2)^ρ . The integration contour C− in the complex ρ-plane goes from −∞ and must

separate ”right” set of poles in the integrand from ”left” set of poles. Further we will understand all contour integrals in this sense.

After integration over the proper-time T and α_1, α_2 one obtains the expression:

R_2 = g^2 4(4π)^2 · μ̄^2M m ∫ d^4x ∫ dπ_1dπ_2 Φ(y, π_1)Φ(y, π_2)δ(π_1 + π_2)I_2 , (4.20)

where I_2 = ( d ds )| | | ∫ C dρ 2πi ( −l^2_{12} M m )_{−ρ} Γ(s + 1 − ρ) Γ(s)

Γ(ρ)Γ^2(1 − ρ) Γ(−2ρ + 2)

. (4.21)

Here l_{12} = π_1 (see denotation (4.5)) and Γ(ρ) the Euler gamma function [35]. Implementing d/ds| and using the known properties of Γ(2z) one obtains

I_2 = ∫ dρ 2πi ( −l^2_{12} M m )_{−ρ} √ π 2 Γ^2(1 − ρ)Γ(ρ) Γ(^3_2 − ρ) , which is a representation for the hypergeometric function^5_2F_1(1, 1; 3/2; z) (see e.g. [35]). Finally we can rewrite this contribution as follows

R_2 = g^2 4(4π)^2 · ∫ d^4xd^2θ M m μ̄^2Φ(y, θ)_2F_1 ( 1, 1; 3 2 ; M 4m D^2 ) Φ(y, θ) = g^2 4(4π)^2 ∫ d^4xd^2θ M m μ̄^2 ( Φ^2 + M 6m ΦD^2Φ ) , (4.22)

we remind that μ̄ = m̄ + ḡΦ̄, M = h(Q^2Φ) + 1/λ and use the explicit expression for 2F_1(1, 1;^3_2 ; z) =^{arcsin} √ z √_{z(1−z)} = 1 +^1_{3!}^M_m l^2 where z = l^2_{12}^M_m in the given case.

In bosonic sector this contribution has the simple form

R^b_2 = g^2 4(4π)^2 ∫ d^4x M m m̄^2 ( 2AF + M 6m F^2 ) , M = hF + 1 λ . (4.23)

5To see this, one should change ρ → −ρ and C− → C+.

– 22 –

4.2.2 R_3 contribution to the effective potential It is remarkable that all terms R_{(n)} in the expansion (4.2) can be founded using the method demonstrated in the previous section (i.e. using the Mellin transform). For higher R_n the only difference concerns only number of variables.

In the present section we propose a general method for calculation of R_n contributions based on the mentioned Mellin-Barnes representation for hypergeometric functions of several variables [35]. In order to illustrate the main idea, we consider contribution to the effective potential from R_3, which contains three variables. Substituting the expression E_3 given in (4.9) to general expansion (3.57) one obtains

R_3 = g^3M 6(4π)^2 · μ̄^2 m^2 ∫ d^4x ∫ ∏ d^2π Φ(y, π_1)Φ(y, π_2)Φ(y, π_3)δ ( ∑ i π_i ) I_3 ,

I_3 = √ π 4 ∫ d^3ρ (2πi)^3 ( −l^2_{12} M 4m )_{ρ1} ( −l^2_{13} M 4m )_{ρ2} ( −l^2_3 M 4m )_{ρ3} × × Γ(−ρ_1)Γ(−ρ_2)Γ(−ρ_3)

Γ(ρ_1 + ρ_2 + 1)Γ(ρ_1 + ρ_3 + 1)Γ(ρ_2 + ρ_3 + 1) Γ(ρ_1 + ρ_2 + ρ_3 +^3_2 )

, (4.24)

where l_{ik} are defined by (4.5): l^2_{12} = π^2 = −^1_2 π_2(π_1 + π_3), l^2_{13} = π^2_1 = −^1_2 π_1(π_2 + π_3), l^2_3 = π^2_3 = −^1_2 π_3(π_1 + π_2), and I_3 is the Mellin-Barnes representation for hypergeometric functions of several variables (three variables in the case under consideration) [35]. It should be noted that variables l_{12}, l_{23}, l_{13} appear in the expression (4.24) symmetrically. Using the definition for the hypergeometric function_2F_1 of two variables [35] one can write

I_3 = ∞∑ n_1,n_2=0 √ π 4 ( l^2_{12} M 4m )_{n1} ( l^2_{13} M 4m )_{n2} Γ(n_1 + n_2 + 1) Γ(n_1 + n_2 +^3_2 ) ×

×_2F_1 ( n_1 + 1, n_2 + 1; n_1 + n_2 + 3 2 ; l^2_3 M 4m ) . (4.25)

Properties of hypergeometric functions allows us to rewrite the last expression as follows I_3 = √ π 4 ∞∑ n=0 (u)^n Γ(n + 1) Γ(n +^3_2 )

F_1 ( 1, n + 1, n + 1; n + 3 2 ; s, t ) , (4.26)

where u = l^2_{12} M 4m , s = l^2_3 M 4m , t = l^2_{13} M 4m . The definitions for l_{kn} are given in (4.5). Further we use F_1-type function or the Appel’s hypergeometrical function from, so called, the Horn list of functions [35].

Using the property (l^2_{i1i2} )^k = 0, k > 1, one can rewrite eq. (4.26) as a finite order polynomial. It leads for the 3-legs contribution to

R_3 = −g^3 6(4π)^2 ( M m^2 ) μ̄^2 ∫ d^4x ∫ ∏ d^2π Φ(y, π_1)Φ(y, π_2)Φ(y, π_3)δ ( ∑ i π_i ) × × ( 1 2 + 1 3 · 4

(s + t + u) + 1 3 · 4 · 5 (st + su + tu) + 1 5 · 6 · 7 stu ) . (4.27)

Taking into account the definitions for u, t, s, the definitions (4.6), the expansion (4.8) and

– 23 – discussion concerning the inverse Fourier transform given after eq. (4.10), we transform the expression for R_3 in the coordinate representation

R_3 = g^3 6(4π)^2 ∫ d^4xd^2θ ( M m^2 ) μ̄^2 × (4.28) × ( 1 2 Φ^3 + 1 4 M 4m Φ^2D^2Φ + 1 4 · 5 ( M 4m )_2

ΦD^2ΦD^2Φ + 1 5 · 6 · 7 ( M 4m )_3 (D^2Φ)^3 ) , where as before μ̄ = m̄ + ḡΦ̄, M = hQ^2Φ + 1/λ.

In the bosonic sector this result looks like

R^b_3 = g^3 6(4π)^2 ∫ d^4x Mm̄^2 m^2 ( 3 2 A^2F + 1 2 M 4m AF^2 + 1 4 · 5 ( M 4m )_2

F^3 ) , M = hF + 1 λ . (4.29) It is easy to understand that exploiting the Mellin transform for higher R_n contributions, we will obtain the expressions containing the hypergeometric function of several variables. Such functions for n > 2 are called generalized Lauricella hypergeometric functions [35, 36]. This is the expected result. The general expressions for all one-loop massive Feynman diagrams have been studied in refs. [36] using the Mellin-Barnes representation for hypergeometric functions of several variables by contour integrals and it was shown that all of them can be expressed via the Lauricella hypergeometric functions and the described procedure, in principle, can be applied for calculations of any higher R_n contributions to chiral effective potential.

4.3 Constant field contribution to the chiral effective potential In the previous sections we considered two examples which demonstrated that, in principal, all R_n can be calculated and the results can be expressed via hypergeometric functions of several variables. Now we construct an approximation taking into account some terms from all R_n Since every R_n is a finite order polynomial in powers of D^2Φ (see the discussions in the beginning of section (4.2) we can try, as a first approximation, to sum up all terms without these derivatives and obtain an approximate expression for the chiral effective potential containing the contributions from all R_n.

The expansion (4.8)^6 always begins from constant, i.e. E_{(n)} = 1 + · · ·. Let’s choose from all E_{(n)} only the terms without variables l_{ij} and calculate their contribution to (3.57). It will correspond to the situation then we take into account only k = 0 term in the representation (4.18) for all R_n, i.e. we sum contributions from all R_n which have no grassmannian derivatives.

One can see that the sum of contributions to the chiral effective potential (3.57) containing no Grassmann derivatives is written in the following form

Γ^{(0)}_{(1)} = 1 2(4π)^2 ∫ d^4xd^2θ mμ̄^2M ∞∑ n=2 ( − gΦ(y, θ) m )_n 1 n(n − 1) , (4.30)

where multiplier^1_{n(n−1)} appears as the result of the proper time integration in (3.57).

6See also examples (4.9).

– 24 –

The sum can be calculated exactly, that gives

Γ^{(0)}_{(1)} = 1 2(4π)^2 ∫ d^4xd^2θ m ( m̄ + ḡΦ̄

)_2 ( hQ^2Φ + 1 λ ) ( − gΦ m + ( 1 + gΦ m ) ln ( 1 + gΦ m )) . (4.31) The expression (4.31) is the chiral effective potential in approximation when all terms containing the D^2Φ can be neglected, however all terms without these derivatives are exactly summed up. The corrections to this approximation obligatory contain the terms with Grassmann derivatives of the background field.

Now we study a structure of the effective potential (4.31) in the bosonic component sector. We have

Γ^{(0)}_{(1)}|_b = mm̄^2 2(4π)^2 ∫ d^4x ( hF + 1 λ ) g m F ln ( 1 + g m A ) . (4.32)

This expression gives a correction to the classical potential (2.5)

ΔV = mm̄^2 2(4π)^2 ( hF + 1 λ ) g m F ln ( 1 + g m A ) . (4.33)

Eliminating the auxiliary field from the classical equations of motions (2.4) one finds the full one-loop effective potential in this approximation

V^{(1)} = V + ΔV = Ḡ ( G + 1 λ Ḡ + h 6 Ḡ^2 ) + gm̄^2 2(4π)^2 ( −2hḠ + 1 λ ) ln ( 1 + 2g m^2 G ) , (4.34)

where G = mA +^g_2 A^2, Ḡ = m̄Ā +^ḡ_2 Ā^2. The exact one-loop effective potential includes, besides (4.31), the powers of D^2Φ. It means, the exact component form of the effective potential will contain, besides (4.33) the powers of F . Therefore, after eliminating the F, F̄ -terms from classical equations of motion, one gets the powers of G, Ḡ as correction terms in (4.34).

5. Summary

We have developed the general approach for finding the one-loop effective potential in N = 1/2 noncommutative Wess-Zumino model. Using the symbol-operator techniques we obtained a general expression for the effective potential in terms of a superfield heat kernel. This heat kernel was exactly calculated for the specific background superfields determining the functional dependence of the chiral effective potential. As a result we found the exact form of the effective potential including the complete dependence on Φ and D^2Φ in term of a single proper time integral. This effective potential contains all previously obtained results for the theory under consideration as partial cases.

To clarify the structure of the effective potential in more details we have constructed a systematic procedure of expansion of the effective potential in a power series over Φ and D^2Φ. Each term of this expansion can be calculated in an explicit form. We demonstrated the calculations of divergent contributions to the one-loop effective potential as well as a few first finite contributions. All finite contributions to the effective potential are expressed in terms of hypergeometrical functions of several variables.

– 25 –

The expansion of the effective potential has an enough simple structure and allows to organize resummation of the above series and to get a series in derivatives D^2Φ with the coefficients depending on Φ. We have demonstrated how to obtain the first term in this new expansion containing no derivatives but including all powers of Φ.

To conclude, we carry out the complete analysis of the one-loop effective potential in N = 1/2 WZ model. The final exact solution for this effective potential is constructed and various its approximate forms are found.

Acknowledgments

The work was supported in part by INTAS grant, INTAS-00-00254 and RFBR grant, project No 03-02-16193. I.L.B. is grateful to RFBR grant, project No. 02-02-04002, to DFG grant, project No. 436 RUS 113/669, to LRSS grant, project No. 1252.2003.2 and to INTAS grant, INTAS-03-51-6346 for partial support. The work of N.G.P. and A.T.B. was supported in part by RFBR grant, project No. 02-02-17884.

References

[1] J.H. Schwarz and P. van Nieuwenhuizen, Speculations concerning a fermionic substructure of space-time, Lett. Nuovo. Cim. 34 (1982) 21;

D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant. Grav. 20 (2003) 2905 [hep-th/0104190];

I. Bars, MSFT: Moyal star formulation of string field theory, hep-th/0211238; J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[2] E. Witten, Noncommutative geometry and string field theory, Nucl. Phys. B 268 (1986) 253.

[3] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[4] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048];

R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[5] L. Alvarez-Gaumé and M.A. Vazquez-Mozo, General properties of noncommutative field theories, Nucl. Phys. B 668 (2003) 293 [hep-th/0305093].

[6] I.Ya. Aref’eva, D.M. Belov, A.A. Giryavets, A.S. Koshelev and P.B. Medvedev, Noncommutative geometry, Noncommutative field theories and string field theories,

hep-th/0111208.

[7] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, J.

High Energy Phys. 02 (2000) 020 [hep-th/9912072];

A. Matusis, L. Susskind and N. Toumbas, The IR/UV connection in the non-commutative gauge theories, J. High Energy Phys. 12 (2000) 002 [hep-th/0002075]; I.Y. Aref’eva, D.M. Belov and A.S. Koshelev, Two-loop diagrams in noncommutative Φ^4 theory, Phys. Lett. B 476 (2000) 431 [hep-th/9912075].

– 26 –

[8] S.-J. Rey, Exact answers to approximate questions: noncommutative dipoles, open Wilson lines and UV-IR duality, J. Korean Phys. Soc. 39 (2001) S527 [hep-th/0207108].

[9] H. Liu, ∗-Trek II: ∗_n operations, open Wilson lines and the Seiberg-Witten map, Nucl. Phys.

B 614 (2001) 305 [hep-th/0011125];

F. Ardalan and N. Sadooghi, Planar and nonplanar Konishi anomalies and exact wilsonian effective superpotential for noncommutative N = 1 supersymmetric U(1), hep-th/0307155.

[10] Y. Kiem, S.-J. Rey, H.-T. Sato and J.-T. Yee, Anatomy of one-loop effective action in noncommutative scalar field theories, Eur. Phys. J. C 22 (2002) 757 [hep-th/0107106].

[11] D. Zanon, Noncommutative perturbation in superspace, Phys. Lett. B 504 (2001) 101 [hep-th/0009196].

[12] M.R. Garousi, Non-commutative world-volume interactions on D-branes and Dirac-Born-Infeld action, Nucl. Phys. B 579 (2000) 209 [hep-th/9909214].

[13] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203];

B. Jurčo, L. Moller, S. Schraml, P. Schupp and J. Wess, Construction of non-abelian gauge theories on noncommutative spaces, Eur. Phys. J. C 21 (2001) 383 [hep-th/0104153]; D. Mikulovic, Seiberg-Witten map for superfields on canonically deformed N = 1, D = 4 superspace, J. High Energy Phys. 01 (2004) 063 [hep-th/0310065];

Seiberg-Witten map for superfields on N = (1/2, 0) and N = (1/2, 1/2) deformed superspace, J. High Energy Phys. 05 (2004) 077 [hep-th/0403290].

[14] H. Ooguri and C. Vafa, The c-deformation of gluino and non-planar diagrams, Adv. Theor.

Math. Phys. 7 (2003) 53 [hep-th/0302109]; Gravity induced c-deformation, Adv. Theor. Math. Phys. 7 (2004) 405 [hep-th/0303063].

[15] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[16] S.J. Gates Jr., M.T. Grisaru, M. Roček and W. Siegel, Superspace, Benjamin Cummings, Reading 1983.

[17] M.T. Grisaru, S. Penati and A. Romagnoni, Two-loop renormalization for nonanticommutative N = 1/2 supersymmetric wz model, J. High Energy Phys. 08 (2003) 003 [hep-th/0307099]; Nonanticommutative superspace and N = 1/2 WZ model, Class. and Quant. Grav. 21 (2004) S1391 [hep-th/0401174].

[18] R. Britto and B. Feng, N = 1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91 (2003) 201601 [hep-th/0307165].

[19] A. Romagnoni, Renormalizability of N = 1/2 Wess-Zumino model in superspace, J. High Energy Phys. 10 (2003) 016 [hep-th/0307209].

[20] O. Lunin and S.-J. Rey, Renormalizability of non(anti)commutative gauge theories with N = 1/2 supersymmetry, J. High Energy Phys. 09 (2003) 045 [hep-th/0307275]; M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory,

hep-th/0309037.

[21] A. Imaanpur, On instantons and zero modes of N = 1/2 SYM theory, J. High Energy Phys.

9 (2003) 077 [hep-th/0308171]; Comments on gluino condensates in N = 1/2 SYM theory, J. High Energy Phys. 12 (2003) 009 [hep-th/0311137];

– 27 –

P.A. Grassi, R. Ricci and D. Robles-Llana, Instanton calculations for N = 1/2 super Yang-Mills theory, hep-th/0311155;

R. Britto, B. Feng, O. Lunin and S.-J. Rey, U(N) instantons on N = 1/2 superspace — exact solution and geometry of moduli space, hep-th/0311275;

M. Billò, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in R-R background, J. High Energy Phys. 05 (2004) 023 [hep-th/0402160].

[22] S. Ferrara, M.A. Lledo and O. Macia, Supersymmetry in noncommutative superspaces, J.

High Energy Phys. 09 (2003) 068 [hep-th/0307039];

E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N = 2 superspace, J. High Energy Phys. 02 (2004) 012 [hep-th/0308012];

S. Ferrara and E. Sokatchev, Non-anticommutative N = 2 super–Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021]; T. Araki, K. Ito and A. Ohtsuka, Supersymmetric gauge theories on noncommutative superspace, Phys. Lett. B 573 (2003) 209 [hep-th/0307076];

N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, J. High Energy Phys. 01 (2004) 046 [hep-th/0401012];

T. Araki and K. Ito, Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory, hep-th/0404250;

S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Non-anticommutative chiral singlet deformation of N = (1, 1) gauge theory, hep-th/0405049.

[23] P.C. West, Quantum corrections in the supersymmetric effective superpotential and resulting modification of patterns of symmetry breaking, Phys. Lett. B 261 (1991) 396; I. Jack, D.R.T. Jones and P.C. West, Not the no-renormalization theorem?, Phys. Lett. B 258 (1991) 382;

I.L. Buchbinder, S.M. Kuzenko and A.Y. Petrov, Superfield chiral effective potential, Phys. Lett. B 321 (1994) 372;

I.L. Buchbinder, A.Yu. Petrov, Superfield effective action in general chiral superfield model, Phys. Atom. Nucl. 63 (2000) 1657; Holomorphic effective potential in general chiral superfield model, Phys. Lett. B 461 (1999) 209 [hep-th/9905062];

I.L. Buchbinder, M. Cvetič and A.Y. Petrov, One-loop effective potential of N = 1 supersymmetric theory and decoupling effects, Nucl. Phys. B 571 (2000) 358 [hep-th/9906141].

[24] I.L. Buchbinder, M. Gomes, A.Y. Petrov and V.O. Rivelles, Superfield effective action in the noncommutative Wess-Zumino model, Phys. Lett. B 517 (2001) 191 [hep-th/0107022].

[25] D. Berenstein and S.-J. Rey, Wilsonian proof for renormalizability of N = 1/2 supersymmetric field theories, Phys. Rev. D 68 (2003) 121701 [hep-th/0308049].

[26] R. Britto, B. Feng and S.-J. Rey, Non(anti)commutative superspace, UV/IR mixing and open Wilson lines, J. High Energy Phys. 08 (2003) 001 [hep-th/0307091].

[27] R. Britto, B. Feng and S.-J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, J. High Energy Phys. 07 (2003) 067 [hep-th/0306215].

[28] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, J. High Energy Phys.

12 (2003) 053 [hep-th/0306237].

[29] I.L. Buchbinder, S. Kuzenko and Z. Yarevskaya, Supersymmetric effective potential:

superfield approach, Nucl. Phys. B 411 (1994) 665.

– 28 –

[30] I.L. Buchbinder and S.M. Kuzenko, Ideas and methods of supersymmetry and supergravity or a walk through superspace, IOPP, Bristol 1998.

[31] N.G. Pletnev and A.T. Banin, Covariant technique of derivative expansion of one-loop effective action, Phys. Rev. D 60 (1999) 105017 [hep-th/9811031];

A.T. Banin, I.L. Buchbinder and N.G. Pletnev, Low-energy effective action of N = 2 gauge multiplet induced by hypermultiplet matter, Nucl. Phys. B 598 (2001) 371 [hep-th/0008167].

[32] R. Finkelstein and M. Villasante, The Grassmann oscillator, Phys. Rev. D 33 (1986) 1666.

[33] A.O. Barvinsky and G.A. Vilkovisky, Covariant perturbation theory, 2: second order in the curvature. General algorithms, Nucl. Phys. B 333 (1990) 471.

[34] A. Sako and T. Suzuki, Ring structure of SUSY ∗-product and 1/2 SUSY Wess-Zumino model, Phys. Lett. B 582 (2004) 127 [hep-th/0309076].

[35] A.P. Prudnikov, Yu.A. Brychkov and O.I. Marichev, Integrals and serieses. Additional chapters, Nauka, Moscow 1986;

A. Erdelyi and H. Bateman, Higher transcendent functions, McGraw-Hill, New York 1953.

[36] A.I. Davydychev, General results for massive N-point Feynman diagrams with different masses, Insititute for Nuclear Physics of MSU Preprint - 90-56/202 1990; E.E. Boos and A.I. Davydychev, A method of evaluating massive Feynman integrals, Theor. Math. Phys. 89 (1991) 1052 [Teor. Mat. Fiz. 89 (1991) 56].

– 29 –